Abstract. We develop here a concept of deformed algebras through three examples and an application. Deformed algebras are obtained from a fixed algebra by deformation along a family of indexes, through formal series. We show how the example of deformed algebra used in [12] is only an example among others, and how they often give rise to regular Frölicher Lie groups. Then, we show how such deformed algebras arise in a formal integration of Lax equations through time scaling. The infinite dimensional groups under consideration enables to state the uniqueness of the formal solutions, their smooth dependance under perturbation, and to study some of the symmetries.
Introduction
In [12] , an algebra and a group of formal series of operators is described in order to rewrite the integration of the KP hierarchy in a non formal way. One of the main advances of this work is to get a (non formal) principal bundle where the concept of holonomy makes sense rigorously. The geometric objects under consideration are diffeological or Frölicher groups, which are regular in the sense that the exponential map exists and is smooth. Diffeological spaces, first described in the 80's by Souriau and his coworkers [2, 6, 9, 13] are generalizations of manifolds that enables differential geometry without charts. Independently, Frölicher spaces give a more rigid framework, that also generalize the notion of manifolds [1, 3, 7] . The comparison of the two frameworks has been made independently in [10] and in [15] , see e.g. [12] .
The aim of this paper is to enlarge the spectrum of application of such formal series of algebras. First by summarizing and enlarging the theoretical results of [12] , secondly giving three examples:
-one that enlarges straightway the example of [12] : in q−deformation, indexes are monomials q n , and in the example that we develop the base algebra is A = Cl(M, E), the algebra of classical pseudo-differential operators. It is not an enlargeable Lie algebra, but the formal series
is a regular Frölicher Lie group (section 1.3).
-one can also consider indexes that are manifolds: this is the case of path-like or cobordism-like deformations (section 1.4) or tensor algebras (section 1.5) .
Finally, we give an application of q−deformation in section 2: A Lax equation [8] is a formally integrable equation of the type :
where P, L are in most cases differential, pseudo-differential, or difference operators. This equation integrates heuristically as a classical equation on a group of matrices: there should have an unique solution, up to the initial value L(0), given by L(t) = Ad ExpP (t) L(0).
Unfortunately, very often, the operator ExpP (t) exists only at a formal level. We propose to apply a scaling t → qt to the time variable. The operator P (t) is changed into an operator P q (t) which is a monomial of order 1 in the q−variable. This allows the machinery of q−deformed operators: the algebras considered are now Lie algebras of (smooth) regular Lie groups. As a simple consequence, we get smoothness of the unique solution L q (t) with respect to P (t) and L(0); another consequence is that a class of symmetries of the q−deformed Lax equation obey also a Lax-type equation, and hence can be described with the same techniques, again in a rigorous sense in the class of q−deformed solutions and depending smoothly of the parameters. A natural open question is the limit q → 1, where the solutions of the initial equation
should be recovered. A work in progress studies this limit for classical examples. Definition 1.1. Let X be a set.
• A plot of dimension p (or p-plot) on X is a map from an open subset O of R p to X.
• A diffeology on X is a set P of plots on X such that, for all p ∈ N,
-any constant map R p → X is in P; -Let I be an arbitrary set; let {f i : O i → X} i∈I be a family of maps that extend to a map f :
• If P is a diffeology X, (X, P) is called diffeological space.
We now introduce Frölicher spaces.
is a contour) if and only if for any
•
Any family of maps F g from X to R generate a Frölicher structure (X, F , C), setting [7] :
One easily see that F g ⊂ F . This notion will be useful in the sequel to describe in a simple way a Frölicher structure.
A Frölicher space, as a differential space, carries a natural topology, which is the pull-back topology of R via F . In the case of a finite dimensional differentiable manifold, the underlying topology of the Frölicher structure is the same as the manifold topology. In the infinite dimensional case, these two topologies differ very often.
One can remark, if X is a Frölicher space, we define a natural diffeology on X by [10] , see e.g. [12, 15] :
With this construction, we also get a natural diffeology when X is a Frölicher space. In this case, one can easily show the following:
, see e.g. [12, 15] Let(X, F , C) and (X ′ , F ′ , C ′ ) be two Frölicher spaces. A map f : X → X ′ is smooth in the sense of Frölicher if and only if it is smooth for the underlying diffeologies.
Thus, we can also state: smooth manifold ⇒ Frölicher space ⇒ Diffeological space 1.2. Regular Frölicher groups. Let (G, F , C) be a Fr'olicher space which is a group such that the group law and the inversion map are smooth. These laws are also smooth for the underlying diffeology. Then, following [9] , this is possible as in the case of manifolds to define a tangent space and a Lie algebra g of G using germs of smooth maps. Let us precise the algebraic, diffeological and Frölicher structures of g. Proposition 1.4. Let g = {∂ t c(0); c ∈ C and c(0) = e G } be the space of germs of paths at e G .
where c ∈ C, c(0) = e G , and X = ∂ t c(0).
All these operations are smooth and thus well-defined.
The basic properties remain globally the same as in the case of Lie groups, and the prrofs are similar replacing charts by plots of the underlying diffeologies. (see e.g. [9] for further details) Definition 1.5. A Frölicher group G with Lie algebra g is called regular if and only if there is a smooth map
such that g(t) = Exp(v(t)) if and only if g is the unique solution of the differential equation
We define
where g is the image by Exp of the constant path v.
The classical setting for infinite dimensional differential geometry requires the model topological vector space to be complete or Mac-Key complete. One of the reasons for this choice is to ensure the existence of the integral of a path over a compact interval. This means that the choice of an adaquate topology is necessary. For vector spaces, the basis for such a study can be found in [7] , when the properties of the so-called "convenient vector spaces" are given. We have to remark that a vector space for which addition and scalar multiplication are compatible with a given Frölicher structure needs only a topological structure to become a convenient vector space. In order to circumvent these topological considerations, and adapting the terminology of regular Lie groups to vector spaces (which are viewed as abelian Lie groups), we set: Definition 1.6. Let (V, F , C) be a Frölicher vector space, i.e. a vector space V equipped with a Fr'olicher structure compatible with the vector space addition and the scalar multiplication. (V, F , C) is regular if there is a smooth map
such that (.) 0 v = u if and only if u is the unique solution of the differential equation
This definition is of course fulfilled if V is a complete locally convex topological vector space, equipped with its natural Fr'olicher structure. Definition 1.7. Let G be a Frölicher Lie group with Lie algebra g. Then, G is regular with regular Lie algebra if both G and g are regular.
The first known example is the following [12] : Proposition 1.8. Let (G n ) n∈N be a sequence of Banach Lie groups, increasing for ⊃, and such that the inclusions are Lie group morphisms. Let G = n∈N G n . Then, G is a Frölicher regular Lie group with regular Lie algebra g = n∈N g n .
Let us notice that there exists non regular Frölicher Lie groups, see the appendix, where as there is no example of Fréchet Lie group that has been proved to be non regular [7] . We now turn to key results from [12] : Theorem 1.9. Let (A n ) n∈N * be a sequence of complete locally convex (Frölicher) vector spaces which are regular, equipped with a graded smooth multiplication operation on n∈N * A n , i.e. a multiplication such that A n .A m ⊂ A n+m , smooth with respect to the corresponding Frölicher structures. Let us assume that:
Then, the set 1 + A = 1 + n∈N * a n |∀n ∈ N * , a n ∈ A n is a Frölicher Lie group, with regular Frölicher Lie algebra A = n∈N * a n |∀n ∈ N * , a n ∈ A n .
Moreover, the exponential map defines a bijection A → 1 + A.
be an exact sequence of Frölicher Lie groups, such that there is a smooth section s : H → G, and such that the trace diffeology from G on i(K) coindides with the push-forward diffeology from K to i(K). We consider also the corresponding sequence of Lie algebras
Then, • The Lie algebras k and h are regular if and only if the Lie algebra g is regular; • The Frölicher Lie groups K and H are regular if and only if the Frölicher Lie group G is regular.
We mimick and extend the procedure used in [12] for groups of formal pseudodifferential operators applied to KP equations. This method is based on theorem 1.9. For this, we need a family of indexes I that are N-graded, equipped with a graded composition * that is defined on a domain of I × I, which is associative, and for which there is a finite number of indexes at the same order. Definition 1.11. Let I as above. Let A i be a sequence of regular Frölicher vector spaces. Let
The Frölicher vector space A is called Frölicher I−graded regular algebra if and only if it is equipped with a multiplication, associative and distributive with respect addition, smooth for the induced frölicher structure, such that
Proposition 1.12. Let A be a Frölicher I−graded regular algebra. It is the Lie algebra of the Frölicher regular Lie group 1 + A.
Proof. This is a straight application of theorem 1.9 Each example will be an application of the following theorem: Theorem 1.13. Let A = i∈I A i be a Frölicher I−graded regular algebra. Let G be a regular Frölicher Lie group, acting on A componentwise. Then, G ⊕ A is a regular Frölicher Lie group.
Proof. Considering the exact sequence
there is a (global) slice G → G ⊕ {0 A } so that Theorem 1.10 applies .
1.3. Examples of q−deformed pseudo-differential operators. In our work of Lax-type equations, we use the following group from [12] :Let E be a smooth vector bundle over a compact manifold without boundary M. We denote by Cl(M, E) (resp. Cl k (M, E)) the space of classical pseudo-differential operators (resp. classical pseudo-differential operators of order k) acting on smooth sections of E. We denote by Cl * (M, C n ), Cl 0, * (M, C n ) the groups of the units of the algebras Cl(M, C n ) and
is a CBH Lie group, and belong to a wider class of such groups that is studied in [5] .
. Definition 1.14. Let t be a formal parameter. We define the algebra of formal series
This is obviously an algebra, graded by the order (the valuation) into the variable t. Thus, setting A n = {t n a n |a n ∈ Cl n (M, E)} ,
we can set A = Cl t (M, E) and state the followinc consequence of Theorem 1. Let Cl 0, * (M, E) be the Lie group of invertible pseudo-differential operators of order 0. This group is known to be a regular Lie group since Omori, but the most efficient proof is actually in [5] , to our knowledge. We remark a short exact sequence of Frölicher Lie groups:
which satisfies the conditions of Theorem 1.13. Thus, we have the following:
Let us now go deeper in the constructions allowed by Theorem 1.13:
is a Frölicher Lie group with Lie algebra
Remark 1.18. One could also develop a similar example, which could stand as a generalized version, with log-polyhomogeneous pseudo-differential operators or with other algebras of non classical operators. These examples are not developed here in order to avoid some too long lists of examples constructed in the same spirit.
Path-like and Cobordism-like deformations. Let us now consider the set
where Gr m is the set of n-dimensional connected oriented manifolds M , possibly with boundary, where the boundaries ∂M are separated into two disconnected parts: the initial part α(M ) and the final part β(M ). Then, we have a composition law * by the relation:
This composition, that we call cobordism composition, extends naturally to embedded manifolds: Definition 1.20. Let N be a smooth manifold.
where the notation Emb(M, N ) denotes the smooth manifold of smooth embeddings of M into N.
Notice that Gr(N ) is naturally a smooth manifold, since Emb(M, N ) is a smooth manifold [7] , and that * is obviously smooth because it is smooth in the sense of the underlying diffeologies. When we only consider manifolds without boundary (in this case, cobordism composition is not defined), these spaces are called non linear grassmanians in the litterature, which explains the notations. Let us now turn to q−deformed groups and algebras: Definition 1.21.
• Let I = (Gr × N * ) (∅, 0), graded by the second component. Assuming ∅ as a neutral element for * , we extend the cobordism composition into a composition, also noted * , defined as:
, graded by the second component. Assuming ∅ as a neutral element for * , we extend the cobordism composition into a composition, also noted * , defined as:
We note by I m and I m (N ) the set of indexes based on Gr m .
Let A be a regular Frölicher algebra. Let m ∈ N * . Let
, be a finitely generated family of indexes, stable under * . Then
is a regular algebra (in the sense of regular vector spaces). If (∅, 0) / ∈ Γ,
is a Lie group with Lie algebra A Γ . If (∅, 0) ∈ Γ, for eacg Frölicher Lie group G with Lie algebra g such that G ⊂ A * smoothly,
is a regular Frölicher Lie group with Lie algebra g ⊕ A Γ . Moreover, the results are the same replacing Γ by Γ(N ).
Proof. Since Γ is finitely generated, in the (possibily infinite sum) (M,n)∈Γ q n a M,n , each power q n has only a finite number of A−coefficients since there is only a finite number of possible indexes for each q n . So that, Proposition 1.12 and Theorem 1.13 apply. The same arguments are also valid when replacing Γ by Γ(N ). , where the open brackets are understood as lack of boundary, and that the initial point is at 0, the final one is at 1. This set is obviously stable under * , so that Theorem 1.22 applies.
1.5. Tensor product algebras. Let I be a family of manifolds, stable and finitely generated under cartesian product. Cartesian product is the composition law. We remark that it is graded with respect to the dimension of the manifold. A standard singleton can be added to I as a neutral element of dimension 0. Let J be a family of finite rank vector bundles over the family of manifolds I, stable under tensor product. The scalar field can be understood as a neutral element of dimension 0. By the way, Proposition 1.12 applies to the following algebras :
-algebras of smooth sections of the finite rank vector bundles of J -algebras of operators acting on these sections.
, and when the algebras under consideration are Cl(S 1 , C) ⊗n , we recognize a framework in the vincinity of the example given at the end of [11] .
Application to integration via time scaling of a Lax equation
A Lax equation is an equation of the type:
where t → P (t) is a given is a smooth path of operators. If the path P is a smooth path of the Lie algebra g of a regular Lie group G, if G acts on a Fréchet algebra of operators B that contains L(0), the path
is a solution of equation 2.1. Unfortunately, if P is e.g. a path of differential operators or order bigger than 1, there is no known inclusion into an adequate Lie algebra g (see e.g. the explanations given in [11] ). one of the biggest known classes of Lie algebras that integrate into a Lie group are particular Lie algebras of classical pseudo-differential operators of order 1, that integrate into algebras of Fourier integral operators of order 0.
2.1. Formal integration via time scaling. We only assume that both P and L are in a fixed Fréchet algebra A with unit element, or in a c ∞ −algebra if one prefers to work in the convenient setting [7] . Let us now build a corresponding Lax equation in A[[q] ]. We consider the paths P (qt) and L(qt) obtained by time scaling t → qt. Then,
for a fixed parameter q. We note by L q (t) = L(qt) and by P q (t) = qP (qt). We get the following equation: 
where the the map exp is the group exponential
The proof is a straightforward consequence of basic results on Lie groups.
2.2.
Smooth dependence of the solutions on the parameters. The serie exp(P q )(t), read as
where
Notice that the coefficients a i (q) are series in the q parameter if P q is a serie in the q parameter. But in our definition, P q is a degree 1 monomial in q. So that, each a i is a monomial of degree i in the variable q which makes the sum consistent in A[[q]] and we have the following: Lemma 2.2. The maps
are smooth maps
] is the one that is generated for the smoothness of each coefficient, and the map (q, P ) → P q is smooth. By composition with the (smooth) exponential map, we get that each a i is smooth under the variables (t, q, P ).
is smooth.
Proof.
Symmetries of Lax equations and time scaling.
Let us now look for symmetries of a Lax equation. A symmetry is a path S of linear invertible operators on A such that, if L(t) is a solution of 2.1, S(t).L(t) is also a solution. Assuming smoothness, we shall quickly go into more restricted classes of symmetries.
from which we get
applying the time scaling, we get, with the obvious notations:
The map S → S q is an homomorphism from the group of symmetries of (2.1) to the group of symmetries of (2.3), and it appears to us that there should exist symmetries of (2.3) that are not induced from symmetries of (2.1).
• The map φ :
is linear and the symmetries of (2.4) are the zeros of phi. The same way, the map φ q :
is linear and the symmetries of (2.5) are the zeros of phi q .
Such a problem appears non relevant to the methods of resolution of this paper, and we leave the question of solving these two equations open. Let us now turn to a special class of solutions.
• Let us now simplify this equation, avoiding the L q − term. Then, we get another Lax-type equation (2.6) ∂ t S q = ad Pq , S q and we can remark that the operator ad Pq is an inner derivation of A, which is of order 1 in q since P q is of order 1. Let In(A) be the Lie algebra of inner derivations of A. Let In q (A) be the q−graded algebra of operators spanned by qIn A , endowed with the push-forward Frölicher structure from A. We get: Proof. Let us remark that (2) is a straightforward consequence of (1) and Theorem 1.9. Now, we recall that smoothness in In(A) is induced by smoothness in A. Moreover, the inclusion In(A) → C ∞ (A, A) is smooth in the Frölicher sense [7] . So that In q (A) is a smooth algebra, where the composition is smooth and bilinear. Finally, by the standard properties of the integral, we get that some paths ad a(t) ad b(t) ... are integrable .
We can nw apply the procedure that we used for equations (2.3): the exponential exp IdA+Inq(A) exists and
is the unique solution to equation (2.5) with initial value S q (0).
Appendix: a non regular Frölicher Lie group
Let F be the vector space of smooth maps C ∞ (]0; 1[; R). We equip F with the following semi-norms:
This is a Fréchet space. Let
Finally, we set
D is a set of diffeomorphisms of the open interval ]0; 1[ which is an (algebraic) group for composition of functions. Composition of maps is smooth for the topology on A induced by C ∞ (]0; 1[; R). To see this, a well-know way to prove it is to pass to the diffeological setting (see e.g. [13] for a review)
This proposition is trivial, but this will show us that our next results are not due to a pathology of the topology of D at the neighborhood of Id ]0;1[ . Unfortunately, D is not open in A. As a consequence, we are unable to prove that it is a Fréchet Lie group, sinse the actual knowledge on criteria to prove this is very restricted. However, considering the smooth diffeology induced on D by A, the inversion is smooth. As a consequence, D is a Frölicher Lie group As a Frölicher Lie group, it has a tangent space at Id ]0;1[ which is considered here as the Lie algebra. Let P ∈ R[x] be a polynomial such that For example, one can take
We define ϕ(t, x) = P (x)t (1 − P (x))t + P (x) , c t (x) = x + ϕ(t, x) if t ≥ 0 x − ϕ(−t, x) if t < 0. Trivially, ϕ is a smooth map defined on R + ×]0; 1[. So that, using the canonical isomorphism
we get that t → ϕ(t, .) ∈ C ∞ (R + , C ∞ (]0, 1[, R)), and then t → c t ∈ C 1 (R, C ∞ (]0, 1[, R)).
We now want to show the following: As a consequence, ∀(t, x) ∈] − 1; 1[×]0; 1[, 0 < x − P (x) < c t (x) < x + P (x) < 1.
As a consequence, l 0 (c t ) = 0 and l 1 (c t ) = 1 thus c t ∈ A. Now, if t ≥ 0, ∂ x ϕ(t, x) = tP ′ (x)(t + (1 − t)P (x)) − tP (x)(1 − t)P ′ (x) ((1 − P (x))t + P (x))
(t + P (x)(1 − t)) 2 .
We have (1 − t)P (x) ≤ P (x) ≤ 1, and then we get
Since sup x∈]0;1[ |P ′ (x)| < 1, we get that c t is a diffeomorphism for each t ∈] − 1; 1[ which ends the proof.
Proof of Theorem 3.2. Bb the previous Lemma, t → c t is a C 1 path with vales in D. Moreover, we only need to check that it is a C 1 − path for t ≥ 0. We have ∂ t ϕ(t, x) = P (x) ((1 − P (x))t + P (x)) 2 thus ∂ t c t (x) = P (x) ((1 − P (x))t + P (x)) 2 . Thus ∂ t c t (x)| t=0 = 1. Now, we get the following: Proof. Let v be the constant path equal to 1. Let t → g t be a solution of the last equation and let x ∈]0; 1[. Then we have, ∀g −1 (x) = y ∈]0; 1[, ∂ t g t (y) = 1, so that the only possible solution is the translation g t (x) = x + t. We have ∀t > 0, g t / ∈ A so that ∀t > 0, g t / ∈ D.
